We theoretically study the effect of polar substrates on the magneto-optical conductivity of doped monolayer graphene, where we particularly focus on the role played by surface polar phonons (SPPs). Our calculations suggest that polaronic shifts of the intra-and interband absorption peaks can be significantly larger for substrates with strong electron-SPP coupling than those in graphene on non-polar substrates, where only intrinsic graphene optical phonons with much higher energies contribute. Electron-phonon scattering and phonon-assisted transitions are, moreover, found to result in a loss of spectral weight at the absorption peaks. The strength of these processes is strongly temperature-dependent and with increasing temperatures the magneto-optical conductivity becomes increasingly affected by polar substrates, most noticeably in polar substrates with small SPP energies such as HfO2. The inclusion of a Landau level-dependent scattering rate to account for Coulomb impurity scattering does not alter this qualitative picture, but can play an important role in determining the lineshape of the absorption peaks, especially at low temperatures, where impurity scattering dominates.
I. INTRODUCTION
One of the main reasons for the tremendous interest shown in graphene during the past decade is that its excellent transport and optical properties [1] [2] [3] make it an attractive candidate for possible applications in nanoscale electronics and optoelectronics. [4] [5] [6] Recent breakthroughs [7] [8] [9] [10] [11] [12] [13] [14] in graphene indicate that it may also be particularly suitable for spintronics.
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In addition to its possible technological applications, graphene is also highly appealing for fundamental research: Its low-energy excitations can be described by a 2D Dirac-like Hamiltonian of massless fermions with an effective speed of light v F ≈ 10 8 cm/s, which essentially allows one to study quantum electrodynamics in (2+1) dimensions by studying the electronic properties of graphene.
1 The Dirac-like behavior of electrons near the K and K' points in graphene is also reflected in their response to a magnetic field. If a perpendicular magnetic field is applied to the graphene plane, the linear dispersion in the vicinity of those points evolves into a discrete spectrum of non-equidistant Landau levels (LLs), which gives rise to an unconventional, half-integer quantum Hall effect.
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Likewise, graphene subject to a magnetic field exhibits peculiar optical properties, conveniently described by the so-called magneto-optical conductivity, the optical conductivity in the presence of a magnetic field: In contrast to conventional two-dimensional electron gases, which only exhibit one pronounced optical absorption peak centered around the cyclotron resonance frequency, a sequence of distinct optical absorption peaks can be experimentally observed in monolayer graphene [22] [23] [24] [25] [26] [27] [28] [29] [30] due to its non-equidistant LL spectrum. 31, 32 Those peaks broadly correspond to optical transitions between different LLs n, which must satisfy Pauli's principle [see Figs. 1 (a) and (b)].
The interaction between electrons and phonons modifies this simple single-particle picture in the following way [see Fig. 1 (c)]: (i) Electrons moving through the crystal lattice generate a polarization field, which results in the emergence of polarons, quasiparticles describing an electron and its accompanying polarization field. The formation of polarons modifies the individual LLs giving rise to dressed (and even split) LLs, which in turn leads to shifts of the absorption peaks observed in the magneto-optical conductivity. (ii) During optical transitions phonons can be absorbed or emitted, which results in the appearance of phonon sidepeaks in the absorption spectrum. Both effects have been discussed in impressive detail in Ref. 33 for the case of graphene. In addition, the formation of new electron-phonon bound states-both at zero 34 and finite 35 magnetic field-further refines this picture. If graphene is situated on a polar substrate, electrons couple not only to intrinsic graphene phonons, but also to surface polar phonons (SPPs), that is, surface phonons of polar substrates which interact with the electrons in graphene via the electric fields those phonons generate [see Fig. 1 (d) ]. Those phonons can have a profound impact on transport or optical properties of graphene: Surface polar phonons have, for example, been argued to be responsible for current saturation in graphene [36] [37] [38] [39] [40] [41] and to affect the carrier mobility, [42] [43] [44] which can also be influenced by the emergence of interfacial plasmon-phonon modes due to the coupling between SPPs and graphene plasmons, 45, 46 the spin-relaxation, 47 the optical absorption, 48 the renormalization of the Fermi 50 Thus, it stands to reason that magnetooptical experiments with graphene on polar substrates would likewise be affected by SPPs.
Since SPPs break the space inversion symmetry, they lead to an effective Bychkov-Rashba spin-orbit coupling and another channel for spin relaxation in graphene. 47 A detailed understanding of SPPs in graphene and the related magneto-optical experiments can thus also provide important insights for graphene spintronics, especially in the regime where other contributions to spin relaxation could be minimized.
Our main goal in this manuscript is to study the role played by SPPs (and-by extension-the substrate) and how they affect the magneto-optical conductivity. To do so, we use linear response theory to derive a Kubo formula for the magneto-optical conductivity in Sec. II, which is then evaluated for monolayer graphene on several different (polar) substrates in Sec. III. We find that the polaronic shift of the absorption peaks strongly depends on the substrate and can be significantly larger in polar substrates as compared to suspended graphene or graphene on a non-polar substrate such as diamond-like carbon. Moreover, polar substrates introduce a strong temperature dependence of the inelastic electron-phonon scattering as well as of the polaronic shifts.
II. MODEL AND FORMALISM
In this work we consider a graphene monolayer situated on a polar substrate. Using the Dirac-cone approximation, the electronic single-particle spectrum of monolayer graphene in the presence of a magnetic field of magnitude B and perpendicular to the graphene plane (xy-plane) reads as
with the magnetic length l B = /(eB), the Bohr magneton µ B , the g-factor g = 2, and the absolute value of the electron charge e = |e|. Here n ∈ Z denotes a LL in the conduction (n ≥ 0) or valence bands (n ≤ 0), while s denotes the spin-degree of freedom along the zdirection.
1, 51 The spectrum (1) is strongly degenerate as each single-electron state is specified by the quantum numbers n and s as well as the valley and momentum quantum numbers v and k. Introducing the corresponding creation and annihilation operatorsĉ † nksv andĉ nksv , we can write the electronic single-particle Hamiltonian aŝ
In addition our model also includes different phonon branches (labeled as Λ). Those phonons are described by their dispersion ω Λ (q) and momentum q, their corresponding creation (annihilation) operatorsp † qΛ (p qΛ ), and the Hamiltonian
Moreover, the electrons and phonons interact with each other and the coupling between both systems is given bŷ
where α
is the electron-phonon coupling matrix element. The relevant phonons considered here can be divided into two different categories: intrinsic graphene optical phonons and, if graphene is situated on a polar substrate, SPPs. If graphene is situated on a non-polar substrate, only intrinsic graphene phonons are included. Thus, the total Hamiltonian of our model reads aŝ
If the electron-phonon interaction is weak, the coupling can be treated using standard diagrammatic perturbation theory. 52 Due to the interaction with phonons the energy of a single electron is modified, where the additional contribution to the energy arising from this interaction is described by the self-energy. For an electron with spin quantum number s the retarded electronic self-energy due to the electron-phonon coupling can-in the lowest order [see Fig. 2 (a) ]-be approximated by
following Migdal's approach and averaging over the electron-phonon coupling matrix elements at the Fermi surface. 33, [53] [54] [55] [56] [57] Here α 2F (ν) denotes the Eliashberg electron-phonon spectral function normalized to the electronic density of states (DOS) per spin at the chemical potential µ = µ(T ) and N s (ǫ) the electronic DOS for spin s, while n FD/BE (ǫ) = 1/[exp(βǫ) ± 1], with β = 1/(k B T ), the temperature T , and the Boltzmann constant k B , are the Fermi-Dirac and Bose-Einstein distribution functions, respectively.
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The spectral function α 2F (ν) contains the averaged (and spin-independent) coupling of electrons in graphene to the optical and SPPs. In the following, we will assume that the phonon frequencies and the electron-phonon coupling are not significantly affected by the magnetic field and that the averaged coupling can be reasonably well described by its zero-field value. Then the dominant electron-optical phonon coupling is that to longitudinaloptical (LO) and transverse-optical (TO) phonons at the Γ point and to the TO phonon at the K point.
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The dispersion of LO and TO phonons near the Γ point can be approximated by the constant energy ω Γ ≈ 197 meV, that of TO phonons near the K and K ′ points by ω K ≈ 157 meV. Moreover, there are typically two surface optical (SO) phonons in polar substrates that interact with the electrons in graphene and whose dispersion can again be approximated by substrate-specific, constant frequencies ω SO 1 and ω SO 2 summarized in Table I.
The resulting phonon spectral function in our model then reads as
which consists of four contributions [see Fig. 2 (b) ]: the combined contribution from both Γ phonon modes with a total coupling [58] [59] [60] [61] [62] [63] 
, the contribution from the K TO phonon mode with a coupling twice as large as that of each phonon at the Γ point, [58] [59] [60] 
, and the contribution from the Λ = SO 1 and Λ = SO 2 modes described by the coupling 39,43
Here M c is the carbon mass, D Γ ≈ 11.2 eV/Å the strength of the electron-Γ phonon coupling, 38 A = 3 √ 3a 2 /2 the area of the graphene unit cell, a ≈ 1.42Å the distance between two carbon atoms, z 0 ≈ 3.5Å the van der Waals distance between the graphene sheet and the substrate, and F 
with the optical, intermediate, and static permittivities ε ∞ , ε i , and ε 0 of the substrate as well as the static, low temperature dielectric function ε(q) = 1 + 2πe 2 Π g (q, ω = 0) /(κq), where κ is the background dielectric constant and Π g (q, ω) the polarization function of graphene. We find that, for the relatively high doping and the magnetic fields considered in this work, the results are not noticeably affected by whether the polarization function calculated for zero 67, 68 or finite 69 magnetic field is used. In our model the dielectric medium above the graphene plane is air, and for simplicity we use the average κ = (1 + ε 0 )/2 for the background dielectric constant. The dielectric function ε(q) accounts for the screening of the Coulomb interaction in the graphene sheet above the polar substrate.
Moreover, the spin-polarized DOS for the spectrum given in Eq. (1) is needed to calculate the self-energy (6), and we also include the effect of scattering (other than scattering with optical or SPPs, such as scattering at charged impurities) on a phenomenological level by introducing the constant scattering rate Γ. The self-energy obtained in this way is then inserted into Kubo formulas for the magneto-optical conductivities σ xx (ω) = σ yy (ω) and σ xy (ω) = −σ yx (ω), and we refer to the Appendix A for further details on this procedure. Here we are primarily interested in the absorption, that is, essentially in Re [σ xx (ω)]. In the following, we will thus compute the real part of σ xx (ω) as well as the imaginary part 
phonon-assisted transitions of σ xy (ω) following the procedure outlined in the Appendix A. Those calculations are performed for several different substrates with the corresponding parameters summarized in Table I and the results discussed in the following section.
III. RESULTS

A. General behavior
To give a general impression of the effect the electronphonon interaction has on the magneto-optical conductivity and of the quantitative differences between substrates, Figs strates: Al 2 O 3 , hexagonal BN, HfO 2 , SiC, SiO 2 , and a non-polar substrate (where only the intrinsic graphene optical phonons affect the conductivity). For comparison, Re [σ xx (ω)] in the absence of any phonons is also presented in Fig. 3 (a) . Moreover, the real parts of One can clearly see a pronounced absorption peak in Figs. 3 (a)-(c) , which corresponds to intraband transitions, the main contribution to which arises from n = 3 → 4 transitions. The interaction between electrons and phonons leads to a modification of the LLs (see Sec. I), which is reflected in a shift of the position of the intraband absorption peak to lower energies compared to the case where no phonons are considered. The magnitude of this polaronic shift is smallest for non-polar substrates, followed by that of the polar substrates BN and SiO 2 . For substrates with a strong electron-SPP coupling such as Al 2 O 3 or with low SPP frequencies such as HfO 2 the magnitude of the shift is larger. In the case of HfO 2 one can furthermore also discern several sidepeaks corresponding to phonon-assisted transitions [see Fig. 3 (c) ]. In addition to the absorption presented in Fig. 3 , the corresponding refractive components of the magneto-optical conductivities, which are also of experimental interest, are shown in Fig. 4 .
B. Temperature dependence
The pronounced difference at T = 300 K described above between HfO 2 and other substrates is a consequence of the strong temperature dependence introduced by the SPPs. This is illustrated in Figs. 5 and 6, which compare the optical absorption Re [σ xx (ω)] of SiO 2 with that of HfO 2 at different temperatures. As can be seen in Fig. 5 , which focuses on the intraband absorption, the intraband absorption peak (here: n = 3 → 4) becomes broader and loses spectral weight with increasing temperature. There are two reasons for this loss of spectral weight, which happens for both SiO 2 and HfO 2 : (i) As temperature increases, LLs close below the Fermi level are thermally depopulated, while LLs above the Fermi level are populated. Hence, new transitions (satisfying the selection rules) are possible into the now no longer fully occupied LLs slightly below µ or from the no longer completely empty LLs slightly above µ. In the case of intraband transitions the new transitions are close to the main absorption peak, which leads to a broadening of the intraband absorption peak. (ii) With increasing temperature the number of phonons and thus the probability of electron-phonon scattering (leading also to a broadening of the absorption peaks) as well as of phonon-assisted transitions increases. 
normalized to the non-interacting spectral weight I 0 = 2|µ|σ 0 / for of SiO 2 and HfO 2 , respectively. They illustrate that the spectral weight lost at the main peak is mainly redistributed in the region between the intraband peak and the first interband peaks. The mechanisms (i) and (ii) detailed above for the intraband transitions also apply to the interband transitions: In the case of SiO 2 [ Fig. 6 (a) ] one can clearly observe the emergence of new pronounced interband transitions due to the thermal depopulation of LLs below the Fermi level (n = 0 → 1, −1 → 2, −2 → 3) at higher temperatures, while phonon-assisted transitions also lead to an enhanced midgap absorption, that is, the absorption in the gap between intra-and interband transitions. For graphene on a HfO 2 substrate [ Fig. 6 (b) ] one cannot even observe pronounced interband transition peaks anymore at higher temperatures due to increased electronphonon scattering. Likewise, the midgap absorption in HfO 2 rapidly increases from approximately 20% at low temperatures to about 40% at room temperature due to additional phonon-assisted transitions, whereas the increase of the midgap absorption from about 12 − 13% to 15 − 16% is much more modest in SiO 2 . 
C. Temperature dependence of the self-energy
While mechanism (i) is a consequence of Fermi statistics and described by the factor n FD ( ω ′ ) − n FD ( ω ′′ ) in Eqs. (A4) and (A5), the effect of phonons, that is, mechanism (ii), is described by the self-energy (6). It is this self-energy due to phonons, Σ R ph,s (ω), from which the qualitative difference between SiO 2 and HfO 2 at room temperature arises.
Since the self-energy is calculated from the spinpolarized DOS, which in turn can be expressed by the spin-unpolarized DOS N (ǫ), Fig. 7 (a) shows N (ǫ) at several different magnetic fields for the reader's orientation. The imaginary part of Σ R ph,s (ω) describing electronphonon scattering is essentially given by contributions from the DOS centered around −µ + sgµ B B/2 ± ω Λ and multiplied by the thermal factor n BE ( ω Λ ) + n FD ( ω Λ ∓ ω) for each individual phonon branch Λ. At T = 0 these thermal factors are just Heaviside step functions as n BE ( ω Λ ) vanishes, resulting in a gap of width 2 ω Λ centered around ω = 0 for each phonon branch. This is illustrated in Fig. 7 (b) , where the contribution from Λ = Γ to Im Σ R ph,↑ (ω) at T = 0 and µ = 0.2 eV is presented, with the corresponding real part displayed in Fig. 7 (c) . Since Zeeman splitting for g = 2 at B = 10 T is small compared to the LL broadening, the spin-degree of freedom does not affect the self-energy noticeably and the self-energies of spin-up and spin-down electrons are almost identical.
The total self-energy due to phonons is then given by the sum of the individual contributions from each branch Λ and shown in Fig. 8 for spin-up electrons at B = 10 T, µ = 0.2 eV, and T = 1 K as well T = 300 K. At finite temperatures the discontinuities at ω = ±ω Λ disappear and are thermally broadened with increasing temperature. Moreover, there is now also a finite contribution from n BE ( ω Λ ) which grows with increasing temperature. For phonons with relatively high frequencies ω Λ , such as in Figs. 8 (a) does not significantly affect the high-frequency behavior at room temperature dominated by n FD (−| ω|) ≈ 1 as n BE ( ω Λ ) ≪ 1. In HfO 2 the situation is quite different at room temperature, which is entirely due to the contribution from the SO 1 phonon: Because of the low frequency ω SO 1 = 21.6 meV, which corresponds to n BE ( ω SO 1 ) ≈ 0.77, the self-energy at high frequencies is strongly enhanced compared to its low-temperature values [see Figs. 8 (c) and (d)]. As a consequence of the significantly enhanced imaginary part of the self-energy the transition peaks in the optical conductivity of graphene on HfO 2 are strongly broadened, while the increased real part of the self-energy results in a growing polaronic shift to lower energies [compare Fig. 5 (b) ].
The behavior of the self-energy of SiO 2 and HfO 2 described above reflects the fact that at room temperature there are many more SO 1 phonons available for scattering with electrons or phonon-assisted optical transitions in graphene on HfO 2 than there are in graphene on SiO 2 . In this way, the stronger effect of polar substrates with low SPP frequencies, such as HfO 2 , compared to polar substrates with higher SPP frequencies or non-polar substrates can be understood intuitively. Finally, we note that, if the temperature was increased further, graphene on SiO 2 or other polar substrates would eventually also show a behavior similar to that of HfO 2 .
D. Spin-polarized absorption
As mentioned above, the spin-degree of freedom does not play a crucial role for magneto-optical absorption experiments because Zeeman splitting is small at experimentally relevant magnetic fields, a fact not only reflected in σ xx (ω), but also in the self-energy seen above. Nevertheless, there can be some spin effects-albeit small, namely at a level of 1% of the total absorption-as demonstrated by Fig. 9 . There the difference between As can be seen in Fig. 9 , there is a slight difference between the amount of absorption by spin-up and spindown electrons in the intraband transition peak seen in Figs. 3-6 . This is primarily a consequence of the fact that the n = 3 LL for spin-up is extremely close to the Fermi level µ = 0.2 eV and (due to disorder) slightly depopulated. Thus, even at low temperatures there is a slightly enhanced probability of transitions n = 2 → 3 for spin-up electrons compared to spin-down electrons. Consequently, the probability of transitions n = 3 → 4 at low temperatures is slightly higher for spin-down electrons than for spin-up electrons. The most pronounced peaks in Fig. 9 can be attributed to this imbalance between optical transitions. In addition to this essentially single-particle effect there is also a substructure arising from the electron-phonon interaction as can particularly be seen in Fig. 9 (b) . At higher temperatures the spinpolarized conductivity σ dif xx (ω) quickly decreases as k B T exceeds the value of the Zeeman splitting.
E. Dependence on the magnetic field and chemical potential
Having investigated the dependence of the absorption on temperature, we now briefly discuss how changing the magnetic field or chemical potential affects the magnetooptical conductivity. the inverse magnetic field for graphene on SiO 2 and on HfO 2 with µ = 0.2 eV, T = 1 K, and Γ = 5 meV. For comparison, we also show the absorption obtained from the single-particle picture, that is, in the absence of any phonons. As before, the qualitative behavior can be understood from the single-particle picture: With increasing B the spacing between LLs increases and different intraband and interband transitions-governed by the selection rules and the position of the Fermi level with respect to the LLs-become possible. This leads to the behavior depicted in Fig. 10 (a) for intraband transitions monitored at low frequencies such as ω 0 = 20 meV and the oscillatory behavior of interband transitions monitored at frequencies above 2|µ| and illustrated in Fig. 10 (b) . One can also clearly observe a polaronic shift due to the interaction between electrons and phonons for both intra-and interband transitions. Moreover, with decreasing magnetic field the amplitudes of the interband transition oscillations around σ 0 in Fig. 10 (b) decrease as the ratio between the LL spacing and the broadening Γ is diminished.
The statements given above are corroborated in Fig. 11 , which displays the frequency dependence of Re [σ xx (ω)] for graphene on SiO 2 and HfO 2 substrates at T = 100 K, µ = 0.2 eV, Γ = 5 meV, and different magnetic fields. The major trends that can be seen here are that with increasing magnetic field the intraband transition peak moves to higher energies, while the amplitudes of interband transition peaks and of phononassisted peaks increase. A somewhat opposite behavior can be observed in Fig. 12 , which shows the dependence of Re [σ xx (ω)] on the chemical potential at T = 100 K, B = 10 T, Γ = 5 meV. As the chemical potential increases, the intraband transition peak moves to lower energies and the amplitudes of the oscillations for interband transitions decrease. Furthermore, the onset of interband transitions in the vicinity of 2|µ| can also be clearly followed in Fig. 12 . Both the behavior of the intraband transition peak with increasing magnetic field and with increasing chemical potential can be qualitatively explained in the singleparticle picture as originating from the LL spectrum in the vicinity of the Fermi level: With increasing magnetic field the LL spacing increases giving rise to a higher energy of the intraband transition. On the other hand, for a fixed magnetic field the LL spacing near the Fermi level decreases if the absolute value of the chemical potential is increased and thus situated in a denser region of the LL spectrum. Consequently, the energy of the intraband transition is decreased. Likewise, the decrease of the amplitudes of the interband peaks with increasing chemical potential µ, decreasing magnetic fields B, or high photon energies ω can be interpreted as arising from optical transitions between increasingly denser regions of the LL spectrum, where the energy difference between different transitions is small compared to the broadening due to scattering.
While the main trends in Figs. 11 and 12 can thus be readily understood from the single-particle picture, the electron-phonon coupling has still a profound impact and is needed to explain features such as polaronic shifts, the emergence of phonon sidebands, and enhanced broadening of the transition peaks, particularly striking at high photon energies ω or higher temperatures, due to electron-phonon scattering.
F. Scattering at Coulomb impurities
So far, our model has accounted for scattering other than electron-optical phonon/SPP scattering by the addition of a constant scattering rate Γ in the total selfenergy A2. However, in a more realistic model this scattering rate would also be dependent on the energy and LL of the state considered. To model this behavior at least partially, we assume that scattering is dominated by scattering at charged impurities and replace Γ by
, where for simplicity we use the transport scattering time τ (ǫ k ) due to Coulomb impurities for an electron with energy ǫ k as calculated in Ref. 72 for B = 0 and evaluate it at the energy corresponding to the LL considered. Since Coulomb impurity scattering also depends on the dielectric environment, the scattering rate /[2τ (ǫ k = ǫ s (n))] is also affected by the choice of the substrate.
This can be seen in Fig. 13 , which shows Re [σ xx (ω)] at T = 1 K and T = 300 K for suspended graphene (κ = 1) and for graphene on several different substrates with an impurity concentration of n i = 5 × 10 11 cm −2 , µ = 0.2 eV, and B = 10 T. At low temperatures [see Fig. 13 (a) ] the broadening of the intraband transition peaks is mainly determined by the Coulomb impurity scattering and markedly different for different substrates. By comparing Fig. 13 (a) with the low-temperature behavior in Fig. 5 , one can also conclude that the actual intraband peak positions themselves are not noticeably affected by the inclusion of a LL-dependent scattering rate. If the temperature is increased, electron-phonon scattering becomes the dominant scattering mechanism and thus the quantitative differences between the results obtained for constant and LL-dependent scattering rates are no longer as pronounced as at low temperatures as can be deduced from a comparison of Figs. 3 (a)  and 13 (b) .
G. Comparison with experiments
As mentioned in Sec. I, several distinct absorption peaks can be seen in experiments. [22] [23] [24] [25] [26] [27] [28] [29] The positions of those peaks, however, are not exactly where the singleparticle picture predicts they are, and the experimental data is usually fitted to the single-particle picture using a renormalized This shift to higher energies is attributed to the electron-electron interaction, which-in contrast to a standard two-dimensional electron gas 73 -is argued to play an important role in the LL spectroscopy of graphene. 23, 26, 74, 75 However, while electron-electron interaction predicts the correct sign of the shift (that is, to higher energies), it also predicts a very strong correction of approximately 30%, not seen in experiments (see above).
As described in the previous sections as well as in Ref. 33 , the electron-phonon interaction also leads to a shift of the transition peaks, albeit to lower energies. Thus, it stands to reason that the strong effect due to the electron-electron interaction is somewhat compensated by the electron-SPP coupling. Most magneto-optical experiments up until now have been conducted on SiO 2 or SiC substrates, where our calculations suggest a shift to lower energies corresponding to a correction of approximately 15 − 20% compared to the position of the bare transition peak at low temperatures, µ = 0.2 eV, and B = 10 T [see Fig. 13 (a) ]. Experiments on substrates with strong electron-phonon coupling, such as Al 2 O 3 , or with low SPP frequencies, such as HfO 2 , could further clarify the role played by SPPs. Our calculations suggest that for such substrates the effect of the electron-phonon coupling reducing the electron-electroninteraction-induced shift is even more pronounced and might possibly even completely compensate for it.
To give a crude estimate of the combined impact of the electron-phonon and electron-electron interaction, we have calculated the optical absorption at T = 1 K, µ = 0.2 eV, and B = 18 T using the procedure outlined in Sec. II, where we have replaced the Fermi velocity v F ≈ 10 6 m/s by a higher value of 1.30 × 10 6 m/s to reflect the effect of the Coulomb interaction. In this way we find that the positions of the intraband transition peaks for graphene on SiO 2 and SiC substrates are shifted to higher energies compared to the bare case (that is, in the absence of phonons and with a Fermi velocity of v F ≈ 10 6 m/s) and obtain fitted Fermi velocities ofc ≈ 1.07 × 10 6 m/s for SiC and ofc ≈ 1.11 × 10 6 m/s for SiO 2 . While these values are significantly closer to experimental data, we stress that these values are only simple estimates and that a more detailed theory is required to treat the renormalization of the Fermi velocity consistently.
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Due to the small size of the Zeeman splitting for g = 2 compared to the electron-phonon or electron-impurity scattering, there is only a weak spin dependence of the magneto-optical conductivity. However, substantially larger g-factors have been reported for hydrogenated graphene, 12 making an enhancement of the spin effects briefly discussed in Sec. III D appear more feasible, although in that case there is also enhanced scattering due to the presence of hydrogen adatoms, somewhat compensating for the effect of an increased g-factor.
IV. CONCLUSIONS
In this work we have investigated how the magnetooptical conductivity of (doped) monolayer graphene is affected by the substrate the graphene layer is placed upon. Here our particular focus has been on the effects of SPPs. Our calculations suggest that polaronic shifts of the intraand interband absorption peaks can be significantly enhanced for substrates with strong electron-SPP coupling as compared to those for non-polar substrates, where only intrinsic graphene optical phonons contribute. Moreover, electron-phonon scattering and phonon-assisted transitions result in a broadening and loss of spectral weight at the transition peaks. The strength of these processes is strongly temperature-dependent and with high temperatures the magneto-optical conductivity becomes increasingly affected by polar substrates. This is especially true for polar substrates with small SPP energies such as HfO 2 , where many phonons are available for scattering and phonon-assisted transitions and most of the spectral weight has been transferred away from the main absorption peaks already at room temperature.
Furthermore, we have also briefly studied the effect of LL-dependent scattering rates modeling Coulomb impurity scattering. While the qualitative picture of the impact of optical and SPPs on the magneto-optical conductivity, outlined above, remains unaffected by the inclusion of a LL-dependent broadening, it can play a profound role in determining the lineshape of the absorption peaks, especially at low temperatures, where impurity scattering dominates. spectrum given in Eq. (1) .
(A1) Thus, Eqs. (6)- (8) and (A1) allow us to calculate the electronic self-energy due to phonons. The real part of Eq. (6) is related to the polaron formation, while its imaginary part describes the scattering between electrons and phonons.
Finally, the effect of non-phonon-related scattering is also included in the electronic self-energy by adding the constant scattering rate Γ. Then the total self-energy can be obtained as 
which reflects the fact that (in the dipole approximation) only spin-conserving optical transitions from a given LL |n| to LLs |n ± 1| are permitted. Here we are primarily interested in the absorption, that is, essentially in Re [σ xx (ω)]. In the following, we will thus use Eqs. (A2)-(A6) to calculate the real part of σ xx (ω) = σ yy (ω) as well as the imaginary part of σ xy (ω) = −σ yx (ω), where the ω ′′ integration can be preformed using the Dirac-δ function arising from the denominator, while the remaining integral is computed numerically. 82 The imaginary part of σ xx (ω) and the real part of σ xy (ω), determining the refractive index in the graphene plane, can then be determined using the Kramers-Kronig relations.
